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Abstract
Let E be a real uniformly smooth Banach space. Let A :D(A)=E→ 2E be an accretive operator
that satisfies the range condition and A−1(0) = ∅. Let {λn} and {θn} be two real sequences satisfying
appropriate conditions, and for z ∈ E arbitrary, let the sequence {xn} be generated from arbitrary
x0 ∈ E by xn+1 = xn − λn(un + θn(xn − z)), un ∈ Axn, n  0. Assume that {un} is bounded.
It is proved that {xn} converges strongly to some x∗ ∈ A−1(0). Furthermore, if K is a nonempty
closed convex subset of E and T :K → K is a bounded continuous pseudocontractive map with
F(T ) := {T x = x} = ∅, it is proved that for arbitrary z ∈ K , the sequence {xn} generated from
x0 ∈K by xn+1 = xn − λn((I − T )xn + θn(xn− z)), n 0, where {λn} and {θn} are real sequences
satisfying appropriate conditions, converges strongly to a fixed point of T .
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let E be a real normed linear space with dual E∗. The normalized duality mapping
from E to 2E∗ is defined by
J (x) := {x∗ ∈E∗: 〈x, x∗〉 = ‖x‖2, ‖x∗‖ = ‖x‖},
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is strictly convex then J is single-valued. In the sequel, we shall denote the single-valued
normalized duality map by j .
A mapping A :D(A)⊆ E → 2E is called accretive if for all x, y ∈D(A) there exists
j (x − y) ∈ J (x − y) such that〈
u− v, j (x − y)〉 0 for u ∈Ax and v ∈Ay.
A is called uniformly accretive if for all x, y ∈D(A) there exist j (x − y) ∈ J (x − y) and
a strictly increasing function ψ :R+ := [0,∞)→R+, ψ(0)= 0, such that〈
u− v, j (x − y)〉ψ(‖x − y‖)
for u ∈Ax and v ∈Ay . It it is called φ-strongly accretive if for all x, y ∈D(A) there exist
j (x − y) ∈ J (x − y) and a strictly increasing function φ :R+→R+, φ(0)= 0, such that〈
u− v, j (x − y)〉 φ(‖x − y‖)‖x − y‖
for u ∈ Ax and v ∈ Ay . It is called strongly accretive if for all x, y ∈ D(A) there exist
j (x − y) ∈ J (x − y) and k ∈ (0,1) such that〈
u− v, j (x − y)〉 k‖x − y‖2
for u ∈ Ax and v ∈ Ay . If E is a Hilbert space, accretive operators are also called
monotone. An operator A is called m-accretive if it is accretive and R(I + rA), range
of (I + rA), is E for all r > 0; and A is said to satisfy the range condition if cl(D(A))⊆
R(I + rA), ∀r > 0, where cl(D(A)) denotes the closure of the domain of A. A is said
to be maximal accretive if it is accretive and the inclusion G(A) ⊂ G(B), where G(A)
is a graph of A, with B accretive, implies G(A)=G(B). It is known (see, e.g., [6]) that
every maximal accretive map is m-accretive and the converse holds if E is a Hilbert space.
Interest in accretive mappings stems mainly from their firm connection with equations of
evolution. It is known (see, e.g., [19]) that many physically significant problems can be
modelled by initial-value problems of the form
x ′(t)+Ax(t)= 0, x(0)= x0, (1.1)
where A is an accretive operator in an appropriate Banach space. Typical examples where
such evolution equations occur can be found in the heat, wave, or Schrödinger equations.
One of the fundamental results in the theory of accretive operators, due to Browder [2],
states that if A is locally Lipschitzian and accretive then A is m-accretive. This result was
subsequently generalized by Martin [9] to the continuous accretive operators. If in (1.1)
x(t) is independent of t , then (1.1) reduces to
Au= 0, (1.2)
whose solutions correspond to the equilibrium points of system (1.1). Consequently, con-
siderable research effects have been devoted, especially within the past 20 years or so, to
iterative methods for approximating these equilibrium points.
In [1], Bruck introduced an iteration process and proved, in Hilbert space setting, the
convergence of the process to a zero of a maximal monotone operator. In [15], Reich
extended this result to uniformly smooth Banach spaces provided that the operator is m-
accretive. More precisely, he proved the following theorem.
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be m-accretive. Suppose {λn} and {θn} are positive real sequences satisfying
(i) lim
n→∞ θn = 0;
(ii)
∞∑
1
λnθn =∞, lim
n→∞
θn−1/θn − 1
λnθn
= 0;
(iii) lim
n→∞
b(λn)
θn
= 0,
where b is some strictly increasing function with b(0) = 0. If A−1(0) = ∅, then the se-
quence {xn} defined by
xn+1 := xn − λn(un + θnxn), un ∈Axn,
converges strongly to a zero of A, provided that {xn} and {un} are bounded.
It is remarked in [15] that the assumption A is m-accretive can be replaced with the
assumption that A satisfies the range condition.
From Theorem SR1, one question arises quite naturally.
Question 1. Can the requirement that {xn} be bounded be dispensed with?
Our first objective in this paper is to give an affirmative answer to this question.
In fact, we prove the following. Let E be a real uniformly smooth Banach space and
A :D(A) = E → 2E be an accretive operator that satisfies the range condition and
A−1(0) = ∅. Suppose {λn} and {θn} are real sequences in (0,1] satisfying certain con-
ditions. Let z ∈E be arbitrary, and a sequence {xn} be generated from arbitrary x0 ∈E by
xn+1 = xn − λn(un + θn(xn − z)), un ∈ Axn for all positive integers n. Assume that {un}
is bounded. Then there exists d > 0 such that if λn  d and b(λn)/θn  d2 for all n  0,
then {xn} converges strongly to some x∗ ∈A−1(0).
Closely related to the class of accretive maps is the class of pseudocontractions. An
operator T with domain D(T ) in E and range R(T ) in 2E is called pseudocontractive
(respectively, φ-pseudocontractive, strongly pseudocontractive) if A := I − T is accretive
(respectively, φ-strongly accretive, strongly accretive). Observe that T is pseudocontrac-
tive if and only if I − T is accretive and thus the mapping theory for accretive operators is
closely related to the fixed point theory for pseudocontractions. For the class of φ-strongly
pseudocontractive operators T (or correspondingly, the class of φ-strongly accretive opera-
tors A := I −T ) the well-known Mann iteration method (see, e.g., [8]), under appropriate
continuity conditions on T , has been successfully employed to approximate fixed points
of T (when they exist) in general Banach spaces. However, for a Lipschitz pseudocontrac-
tive self-mapping of a compact convex subset K of a real Hilbert space H , Chidume and
Mutangadura [5] recently showed that this iteration method does not always converge to
a fixed point of T . For this class of maps, however, we have the following convergence
theorem.
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Lipschitzian pseudocontractive map and x0 is any point of K , then the sequence {xn}n0
converges strongly to a fixed point of T , where xn is defined iteratively for each positive
integers n 0 by
(∗)
{
xn+1 = (1− αn)xn + αnTyn,
yn = (1− βn)xn + βnT xn,
where {αn}, {βn} are sequences of positive numbers satisfying the conditions
(i) 0 αn  βn < 1;
(ii) limn→∞ βn = 0;
(iii) ∑n0 αnβn =∞.
The iteration method of Theorem I is now referred to as the Ishikawa iteration method
and has been studied extensively by various authors. The prototype for {αn} and {βn} in
Theorem I is αn = βn = (n+ 1)−1/2 for all integers n 1. But it is still an open question
whether or not this method can be employed to approximate fixed points of Lipschitz
pseudocontractions in spaces more general than Hilbert spaces (see, e.g., [4,10,11]).
In this regard another iteration method introduced by Schu [16], in 1973, for this class
of maps is of interest. To state the result of Schu, we need the following definition.
Definition 1.1 (see, e.g., [16]). Let αn ∈ (0,∞), µn ∈ (0,1) for all nonnegative integers n.
Then, ({αn}, {µn}) is said to have property (A) if and only if the following conditions hold:
(i) {αn} is decreasing and {µn} is strictly increasing;
(ii) There is a sequence {βn} ⊆N, strictly increasing such that
(a) lim
n→∞βn(1−µn)=∞;
(b) lim
n→∞
1−µ(n+βn)
1−µn = 1;
(c) lim
n→∞
αn − α(n+βn)
1−µn = 0.
Schu proved the following theorem.
Theorem JS [16]. Let K be a nonempty closed bounded and convex subset of a Hilbert
space H . Suppose that
(i) T :K →K is pseudocontractive and Lipschitzian with Lipschitz constant L 0;
(ii) {λn}n∈N ⊂ (0,1) with limn→∞ λn = 1, {αn}n∈N ⊂ (0,1) with limn→∞ αn = 0,
such that ({αn}, {µn}) has property (A), ((1 − µn)(1 − λn)−1) is bounded and
limn→∞ α−1n (1 − µn) = 0, where kn := (1 + α2n(1 + L)2)1/2 and µn := λnk−1n for
all n ∈N.
For arbitrary vectors z0,w ∈K , define, for all n ∈N, the sequence zn iteratively by
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yn = (1− αn)zn + αnT zn. (1.3)
Then {zn} converges strongly to the unique fixed point of T closest to w.
Unlike the Ishikawa method, Theorem JS has been extended to real Banach spaces more
general than Hilbert spaces. In [3], Chidume extended it to real Banach spaces possessing
weakly sequentially continuous duality maps (e.g., lp spaces, 1 <p <∞). It is known that
Lp , 1 <p <∞, p = 2 do not possess weakly sequentially continuous duality maps. In the
theorem of [3] the iteration parameters αn ∈ (0,∞) and µn ∈ (0,1) are to be chosen such
that the pair ({αn}, {µn}) has the so-called property (A). Obviously, these choices are not
simple.
Our second and last objective in this paper is to study a recursion formula introduced by
Bruck [1] and to prove convergence theorems for a class of bounded continuous pseudo-
contractive maps in real uniformly smooth Banach spaces. Consequently, our theorems are
applicable to much larger classes of operators and in more general Banach spaces than
any of Theorems I, JS, and the theorems in [3]. Moreover, the iteration parameters in our
theorems are much simpler to choose than those in Theorem JS and in the theorems in [3].
2. Preliminaries
Let E be a real normed linear space of dimension  2. The modulus of smoothness of
E is defined by
ρE(τ) := sup
{‖x + y‖+ ‖x − y‖
2
− 1: ‖x‖ = 1, ‖y‖ = τ
}
.
A Banach space E is called uniformly smooth if limτ→0(ρE(τ)/τ)= 0. Typical examples
of such spaces are the Lebesgue Lp , the sequence .p and the Sobolev Wmp spaces for
1 <p <∞ (see, e.g., [18]).
If E is a real uniformly smooth Banach space, then
‖x + y‖2  ‖x‖2 + 2〈y, j (x)〉+max{‖x‖,1}‖y‖b(‖y‖) (2.1)
holds for every x, y ∈ E where b : [0,∞)→ [0,∞) is a continuous strictly increasing
function satisfying the following conditions:
(i) b(ct) cb(t), ∀c 1;
(ii) limt→0 b(t)= 0 (see, e.g., [13]).
Let K ⊆ E be closed convex and let P be a mapping of E onto K . Then P is said to
be sunny if P(Px + t (x − Px))= Px for all x ∈E and t  0. A mapping P of E into E
is said to be a retraction if P 2 = P . A subset K of E is said to be a sunny nonexpansive
retract of E if there exists a sunny nonexpansive retraction of E onto K and it is said to
be a nonexpansive retract of E if there exists a nonexpansive retraction of E onto K . If
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H to any closed convex subset of H .
In the sequel we shall need the following theorem.
Theorem SR2 [15, Theorem 1, Remarks 1 and 2]. Let E be a real uniformly smooth
Banach space. Let A ⊂ E × E be accretive with cl(D(A)), the closure of D(A), convex
and suppose that A satisfies the range condition: cl(D(A)) ⊂ R(I + rA), ∀r > 0. Let
Jtx := (I + tA)−1, t > 0, be the resolvent of A, and assume that A−1(0) is nonempty.
Then for each x ∈ E we have that limt→∞ Jtx = Px ∈ A−1(0), where P is the sunny
nonexpansive retraction of cl(D(A)) onto A−1(0).
Note that if A satisfies the range condition, so does θ−1A for θ > 0. Thus for each n
and any z ∈R(I + θ−1A) there exists a unique yn ∈D(A) such that z ∈ yn + θ−1n Ayn and
hence J1/θn(z) := (I + (1/θn)A)−1(z)= yn. If we denote the strong limt→∞ Jt = Pz, then
P :E→A−1(0) is the unique sunny nonexpansive retraction of E onto A−1(0) (see [10]).
Hereafter, b is the function described in inequality (2.1).
3. Convergence theorems for accretive maps
We prove the following theorem.
Theorem 3.1. Let E be a real uniformly smooth Banach space. Let A :D(A)= E → 2E
be an accretive operator that satisfies the range condition and A−1(0) = ∅. Suppose {λn}
and {θn} are real sequences in (0,1] satisfying the following conditions:
(i) lim
n→∞ θn = 0;
(ii)
∞∑
n=1
λnθn =∞, lim
n→∞
b(λn)
θn
= 0;
(iii) lim
n→∞
θn−1/θn − 1
λnθn
= 0.
Let z ∈E arbitrary, and a sequence {xn} be generated from x0 ∈E by
xn+1 = xn − λn
(
un + θn(xn − z)
)
, un ∈Axn, (3.1)
for all positive integers n. Suppose {un} is bounded. Then there exists d > 0 such that
whenever λn  d and b(λn)/θn  d2 for all n 0, {xn} converges strongly to a zero of A.
Proof. Let Pz := x∗. Let r > 1 be sufficiently large such that x0 ∈ Br(x∗) and z ∈
Br/2(x∗). Set M := 2r + sup{‖un‖}.
Claim. {xn} is bounded.
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Now, x0 ∈ B by assumption. Hence we may assume xn ∈ B and prove that xn+1 ∈ B .
Suppose xn+1 is not in B . Then ‖xn+1 − x∗‖> r and thus from (3.1) we have that
‖xn+1 − x∗‖ =
∥∥xn − x∗ − λn(un + θn(xn − z))∥∥
 ‖xn − x∗‖ + λn
∥∥un + θn(xn − z)∥∥ r +M.
Moreover, from (3.1) and inequality (2.1) with the fact that θn  1, for un ∈ Axn, we get
that
‖xn+1 − x∗‖2 =
∥∥xn − x∗ − λn(un + θn(xn − z))∥∥2
 ‖xn − x∗‖2 − 2λn
〈
un, j (xn − x∗)
〉− 2λnθn〈xn − z, j (xn − x∗)〉
+max{‖xn − x∗‖,1}λn∥∥un + θn(xn − z)∥∥
× b(λn∥∥un + θn(xn − z)∥∥)
 ‖xn − x∗‖2 − 2λn
〈
un, j (xn − x∗)
〉− 2λnθn〈xn − z, j (xn − x∗)〉
+ [r + 1]λnMb(λnM). (3.2)
Since A is accretive and x∗ ∈A−1(0), we have 〈un, j (xn − x∗)〉 0. Hence (3.2) gives
‖xn+1 − x∗‖2  ‖xn − x∗‖2 − 2λnθn
〈
xn − z, j (xn − x∗)
〉
+ [r + 1]λnM2b(λn). (3.3)
Choose K > 0 sufficiently small such that
K  r
2
(2
√
D∗ + 2M)2 , where D
∗ = [r + 1]M
2
2
.
Set d :=√K . Then since ‖xn+1 − x∗‖> ‖xn − x∗‖ by our assumption, from (3.3) we get
that 2λnθn〈xn − z, j (xn − x∗)〉 [r + 1]M2λnb(λn) which gives 〈xn − z, j (xn − x∗)〉
D∗K , since b(λn)/θn K = d2, ∀n 1, by our assumption. Now adding 〈z− x∗, j (xn−
x∗)〉 to both sides of this inequality we get that
‖xn − x∗‖2 KD∗ +
〈
z− x∗, j (xn − x∗)
〉
KD∗ + ‖z− x∗‖‖xn − x∗‖KD∗ + r2‖xn − x
∗‖.
Solving this quadratic inequality for ‖xn − x∗‖ and using the estimate
√
r2/16+KD∗ 
r/4+√KD∗, we obtain that ‖xn− x∗‖ r/2+
√
KD∗. But in any case, ‖xn+1 − x∗‖
‖xn − x∗‖ + λn‖un + θn(xn − z)‖ so that ‖xn+1 − x∗‖  r/2 +
√
KD∗ + λnM  r , by
the original choices of K and λn, and this contradicts the assumption that xn+1 is not in B .
Therefore xn ∈B for all positive integers n. Thus {xn} is bounded. Furthermore, since {un}
is bounded, we now appeal to Theorem SR1 to conclude that {xn} converges strongly to a
zero of A. This completes the proof. ✷
Remark 3.2. If E = Lp , lp, or Wpm (1 < p <∞), the real sequences which satisfy the
hypotheses of Theorem 3.1 are λn = (n + 1)−a and θn = (n+ 1)−b with 0 < b < a and
a+ b < 1 if 2 p <∞, and with 0 < b < a(p− 1) and a+ b < 1 if 1 <p < 2 (see [14]).
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edness condition on the sequence {xn} is not required.
4. Convergence theorems for pseudocontractions
In the sequel we shall use the following lemma.
Lemma 4.1. Let K be a closed convex subset of a Banach space E and T :K →K be a
continuous and pseudocontractive map. LetAT :K →E be defined by AT := I+r(I−T )
for any r > 0. Then K ⊆AT [K].
Proof. Let z ∈ K . Then it suffices to show that there exists x ∈ K such that z = AT (x).
Define g :K →E by
g(x) := 1
1+ r
(
rT (x)+ z) for r > 0.
Then clearly g is a continuous self-map of K . Furthermore, for x, y ∈K we have that
〈
g(x)− g(y), j (x − y)〉 r
1+ r ‖x − y‖
2.
Then by Theorem 5 of [12] there exists x ∈K such that g(x)= x , i.e., z=AT (x). ✷
We now prove the following theorem.
Theorem 4.2. Let K be a closed convex subset of a real uniformly smooth Banach space E.
Let T :K →K be a bounded continuous pseudocontractive map with F(T ) = ∅. Let {λn}
and {θn} be real sequences satisfying
(i) lim
n→∞ θn = 0;
(ii)
∞∑
n=1
λnθn =∞, λn(1+ θn) 1, lim
n→∞
b(λn)
θn
= 0;
(iii) lim
n→∞
θn−1/θn − 1
λnθn
= 0.
Let z ∈K arbitrary, and a sequence {xn} be generated from x0 ∈K by
xn+1 = xn − λn
(
(I − T )xn + θn(xn − z)
) (4.1)
for all positive integers n. Then there exists d > 0 such that whenever λn  d and
b(λn)/θn  d2 for all n 0, {xn} converges strongly to a fixed point of T .
Proof. We first observe that by the convexity of K the sequence {xn} is well defined. Let
A := I − T , then A is a bounded accretive map. Moreover, since T is continuous and K
is closed and convex we have by Lemma 4.1 that K ⊆ AT [K] = R(I + rA) for any r > 0
and hence the range condition is satisfied. Following the method of proof of Theorem 3.1
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result. ✷
Remark 4.3. In the hypothesis of Theorem SR2, we can replace the assumption that
F(T ) = ∅ with the assumption that K is bounded (see proof of Theorem SR2). Moreover,
if K is bounded then {xn} is bounded. Thus the condition that λn  d and b(λn)/θn  d2
for some d > 0 is not needed. In particular, we have the following corollary.
Corollary 4.4. Let K be a closed convex and bounded subset of a real uniformly smooth
Banach space E. Let T :K → K be a bounded continuous pseudocontractive map. Let
{λn} and {θn} be real sequences satisfying (i)–(iii) of Theorem 4.2 and for z ∈K arbitrary,
let a sequence {xn} be generated from x0 ∈K by
xn+1 = xn − λn
(
(I − T )xn + θn(xn − z)
) (4.2)
for all positive integers n. Then {xn} converges strongly to a fixed point of T .
Remark 4.5. Corollary 4.4 is a significant improvement on Theorem I in the sense that it
is applicable in the much more general real uniformly smooth Banach spaces and for the
larger class of bounded continuous pseudocontractive maps. Moreover, the compactness of
the domain K in Theorem I has been dispensed with.
Remark 4.6. Theorem 4.2 is a significant improvement on the results in [3] which are
themselves generalizations of several results that have appeared. In particular, the real
q-uniformly smooth Banach spaces which admits weakly sequential continuous duality
map have been replaced with real uniformly smooth Banach spaces (these spaces include
Lp,W
p
m spaces (1 < p <∞)). Furthermore, the iteration parameters can easily be chosen
at the start of the process as indicated in Remark 3.2. Finally, Theorem 4.2 extends the
class of Lipschitzian pseudocontractive maps considered in [3] to the much larger class of
bounded continuous pseudocontractive maps.
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